We have found the elementary excitations of the exactly solvable BCS model for a fixed number of particles. These turn out to have a peculiar dispersion relation, some of them with no counterpart in the Bogoliubov picture, and unusual counting properties related to an old conjecture made by Gaudin. We give an algorithm to count the number of excitations for each excited state and a graphical interpretation in terms of paths and Young diagrams. For large systems the excitations are described by an effective Gaudin model, which accounts for the finite-size corrections to BCS.
I. INTRODUCTION
The paradigmatic model to study the superconducting properties of metals 1 and nuclei 2 is the pairing model proposed by Bardeen, Cooper, and Schrieffer. The ground state ͑GS͒ and excitations of the BCS model are well known in the grand canonical ͑g.c.͒ ensemble, and explain the behavior of systems with large numbers of particles. However, for small systems, such as nuclei or nanograins, one is forced to work with a fixed number of particles, where the g.c. BCS wave function, including its projected version, are not adequate. The problem is due to the strong pairing fluctuations, with which a mean-field approach cannot deal properly. An alternative approach is provided by exact numerical methods, as the density-matrix renormalization-group, 3 but their complexity somehow obscures the physics behind. Fortunately enough the reduced BCS model, characterized by a unique pairing coupling g, is exactly solvable, as was shown by Richardson and Sherman. 4 This exact solution has been recently used in connection with superconducting nanograins ͑see Ref. 6 for a review͒. 5 Most of the exact studies deal with the GS and the excited states that are obtained by breaking Cooper pairs. However, one must also consider the promotion of pairs to higher energy levels ͑bosonic pair-hole excitations͒. This paper focuses on the latter type of excitations since the former ones can be easily included into our formalism. We shall indicate the peculiar dynamics and the unusual counting properties exhibited by the excitations of the exactly solvable BCS model, some of them with no analog in the standard picture of Bogoliubov quasiparticles. These features account for the exact finite-size corrections to the thermodynamic limit, obtained from the standard BCS treatment.
In Sec. II we introduce the superconducting system described by Richardson and Gaudin models, and we present here our conjecture about what represents their elementary excitations. Section III is devoted to classifying the excited states according to what will be interpreted as elementary excitations in Sec. IV. In this respect a diagramatic representation of the excited states turns out to be very useful. The thermodynamic limit of our theory is presented in Sec. IV, which confirms our conjecture about the elementary excitations. A comparison with the BCS theory is also presented.
Finally, Sec. V contains our conclusions.
II. RICHARDSON AND GAUDIN MODELS
Let us consider a fermionic system with N single-particle energy levels. The reduced BCS Hamiltonian decouples the levels which are singly occupied and one is left with those that are either empty, ͉0͘ ͑hole͒, or doubly occupied, b j † ͉0͘ ͑pair͒, with an energy
is a hard-core boson operator that creates a pair of two time-reversal states͒. We shall suppose that the singly occupied levels have been removed. Since the latter ones decouple, their effect can be considered easily by adding their free energy j to the total energy. The complete system will be treated elsewhere. The reduced BCS Hamiltonian reads
where G is a dimensionful coupling constant. The standard model employed to study nanograins is given by the choice j ϭd(2 jϪNϪ1), where dϭ/N is the single-particle energy-level spacing and /2 is the Debye energy. 6 The coupling G can be written as Gϭgd, where g is dimensionless.
The value of the bulk BCS gap, ⌬ BCS , of the equally spaced model is given by ⌬ BCS ϭ⌬/2, where ⌬ϭ/sinh(1/g).
The eigenstates of Eq. ͑1͒ with M pairs are given by
where the parameters ͕E ͖ ϭ1 M satisfy the Richardson equations
The total energy of the state ͑2͒ 
We show in this paper that Gaudin finite energies represent the elementary excitations of the superconducting system in the canonical ensemble. Their peculiar dispersion relations and the unusual counting properties will account for the finite-size corrections to the mean-field BCS treatment of superconductivity.
This result is motivated by the excitation energy for large values of g, namely, E exc ϵEϪE GS ϳgN G ͓1Ϫ(N G Ϫ1)/N͔, and the gap ⌬ϳg. Thus, in the large N limit the excitation energy goes as E exc ϳN G ⌬, which allows us to think of the state as a set of N G elementary excitations contributing each with an energy ⌬ to the total energy.
In Sec. IV we extend this result for the whole range of g. In the meanwhile the next section is devoted to the proof of Gaudin's conjecture given in Table I . We also obtain a formula which gives the number of finite Gaudin energies N G for a given Richardson configuration I, and therefore the number of elementary excitations.
III. CLASSIFICATION OF EXCITED STATES

A. Simple examples
Let us first consider the simplest examples given by the excited states with one and two energies remaining finite, i.e., N G ϭ1 and 2. Representatives of these, together with the GS, are shown in Fig. 1 , which depicts the real part of the energies, and in Fig. 2 , which shows the distribution of the energies in the complex plane for gϭ1.5 and a system with M ϭ20 pairs at half filling, i.e., Nϭ2M . As a general feature we see that for small g all parameters E are real, and as g grows some of them collapse and become complexconjugate pairs, which share their real part ͑this corresponds to two curves merging into a single one in Fig. 1͒ . Figure 2 shows how the energies E arrange themselves into an arc which opens up to infinity as g→ϱ.
The state of Fig. 1͑a͒ corresponds to the GS of the system, and it is labeled by I 0 ϭ͕1,2, . . . ,M ͖, which at gϭ0 is identical to the Fermi state ͑FS͒. As g→ϱ all the roots become complex and escape to infinity. According to 
Number of solutions
by the following three different ways from the FS: ͑i͒ moving the two pairs just below the FL into the NϪM empty levels (C 2 NϪM states͒, ͑ii͒ moving the two holes just above the FL into the M occupied levels (C 2 M states͒, or ͑iii͒ moving one of the M Ϫ1 pairs in the FS, except the closest to the FL, into one of the NϪM Ϫ1 vacancies above the FL, except the closest to the FL ͓(NϪM Ϫ1)(M Ϫ1) states͔. The state with two holes just below and two pairs just above the FL is generated by ͑i͒ and ͑ii͒, thus the number of states is the expected one,
. This example shows that the value of N G for a generic state depends dramatically on the arrangement of holes and pairs around the FL.
B. N G "I… formula
We now turn to the evaluation of N G (I) for a general state. One naively expects that this formula should be given by the sum of pairs, N p , and holes, N h , above and below the FL, respectively, i.e., N G (I)ϭN p ϩN h . In fact N p ϭN h since every pair above the FL comes from a hole below it. However this ansatz does not always work as we have already seen above. For example, according to this formula, the state I 1 of Fig. 1͑b͒ would have 2 instead of N G ϭ1, while the state I 2 of Fig. 1͑c͒ has N G ϭ2, which is the correct value.
Let us introduce for convenience the occupation representation of the states I, where a pair, a hole, and the FL are depicted as ᭹,᭺, and ͉, respectively. In the cases discussed above we obtain
We have found an algorithm to compute N G (I). Given an integer l у0, let us split I into three disjoint sets, I
ϭA l ഫB l ഫC l , where A l contains the lowest M Ϫl levels, B l the next 2l levels, and C l the remaining NϪM Ϫl ones. For l ϭ0, the set B 0 is empty, and A 0 ͑respec-tively, C 0 ) contains all the levels below ͑respectively, above͒ the FL, while for l у1 the set B l contains the nearest l levels above and below the FL. As an example, let us choose a state of the form
For l ϭ2 the partition of I 3 is given by ). This construction provides a pathway to the g.c. formulation as discussed later. The formula presented here allows us to prove Gaudin's conjecture by looking for all the states with a given N G , and finding out that their number corresponds to d N G as stated in Table I , the same way we already did with those with N G ϭ1 and 2. 
C. Young diagrams representation
The correlated behavior of the excitations is made more explicit by a pictorial representation of the states. The idea is to associate to every set I a path ␥ I with N links on the square lattice Z 2 , starting at the origin (0,0). This is achieved by associating a horizontal link directed to the right, to every hole ᭺, and a vertical link directed upwards, to every pair ᭹. The map starts from the lowest-energy level and ends at the highest one. In Fig. 3͑a͒ we depict the occupation and path representations of the state I 3 which yields N G ϭ3, in agreement with the numerical results shown in Fig. 3͑b͒. Moreover, Fig. 3͑a͒ illustrates the fact that any state I gives rise to a Young diagram ͑YD͒ Y I , whose boundary is formed by the links which belong either to ␥ I or to ␥ I 0 , but not to both. The YD of the Fermi state is by construction empty, i.e., Y I 0 ϭ O " . These YD's capture the basic properties of the excitations. First of all, N G (I), given by Eq. ͑5͒, coincides with the number of squares on the longest southwest-northeast͑SW-NE͒ diagonal on Y I ͓see Fig. 3͑a͔͒ . This fact provides a geometrical meaning to N G (I) and leads to a combinatorial proof of Gaudin's conjecture, which can be stated as follows: d N G is the number of YD's, Y I , associated to the paths ␥ I , which have N G squares on their longest SW-NE diagonal. The proof of this conjecture uses the methods of Ref. 8. 9 This result serves to classify the excitations in terms of YD's. For example, the states with N G ϭ1 and 2 discussed above correspond to the YD's shown in Fig. 4 .
Other properties of these diagrams are ͑i͒ the pair-hole transformation of the states induces a transposition of their associated YD's, ͑ii͒ the main northwest-southeast diagonal on a YD coincides with the FL ͓see Fig. 3͑a͔͒ , and ͑iii͒ the number of boxes of Y I is the excitation energy of I ͑in units of 2d) at gϭ0 for the equally spaced model.
IV. THERMODYNAMIC LIMIT
As we explained in the previous section, by increasing g, M ϪN G of the energies E become complex and arrange themselves into an arc which escapes to infinity for large g, while the remaining N G stay finite with their positions barely modified ͓see Figs. 1͑b͒,1͑c͒ and 2͔ . Following the procedure presented in Refs. 7 and 10-12 we take the large N limit keeping M /N, g, and N G finite. In this limit the arc formed by the energies in the complex plane becomes dense, and allows for a continuous formulation. In particular, the GS corresponds to an arc ⌫ I 0 in the complex energy plane, which in the g→ϱ limit goes to infinity.
Excited states contain finite energies in addition to the arc. A given finite root E ␣ can be either real or complex. In the former case we shall call it a 1-string. In the latter case E ␣ * is also a root, which together with E ␣ forms a 2-string ͓an example of such states can be seen in Fig. 3͑b͔͒ . There are also 3-string formed by one real root and two complex ones, having approximately the same real part, and so on. In gen-
is a combination of strings with several lengths. The remaining M ϪN G roots condense into an arc ⌫ I , which is a slight perturbation of the GS arc ⌫ I 0 . In Fig.  2 we depict ⌫ I 0 and ⌫ I for the two excited states I 1 and I 2 shown in Figs. 1͑b͒ and 1͑c͒ .
Taking into account these considerations, and using the methods of Refs. 7 and 11, one can show in the large N limit that the excitation energy of a Richardson state I is given by
where 0 is twice the chemical potential, and the energies E ␣ satisfy the modified Gaudin equations
with R(E)ϭͱ(EϪ 0 ) 2 ϩ⌬ 2 . As g→ϱ one has ⌬ϳg and Eqs. ͑7͒ become Eqs. ͑4͒.
The excitation energy given by Eq. ͑6͒ fits quite well the excitation energies of our prototype example (Nϭ40, M ϭ20), as shown in Fig. 5 . This also exhibits the linear behavior of the excitation energy for g→ϱ, i.e., E exc ϳN G ⌬ as stated in Sec. II, and in full agreement with the large g behavior of Eq. ͑6͒. Thus we can extend our conjecture to the whole range of g. Namely, any excited state is composed of N G elementary excitations associated to the finite Gaudin energies. The Hilbert space spanned by these excitations has therefore a dimension In summary, our gaudinos will yield the same results as the BCS theory in the extreme Nϭϱ limit, and will account for the exact corrections to the bulk results for the finite-size superconducting grains for all the physical observables and thermodynamic properties.
V. CONCLUSIONS
We have shown in this paper that the elementary excitations of the exactly solvable BCS model in the canonical ensemble can be explained by the Gaudin model and have no counterpart in the Bogoliubov picture of quasiparticles. Their peculiar dispersion relation and the unexpected counting properties, which are due to the correlated behavior of pairs and holes around the Fermi level, provide the exact finitesize corrections to the BCS bulk results, valid for large systems in the g.c. ensemble. These excitations, together with those obtained by breaking Cooper pairs, supply the complete spectrum of the canonical BCS model. A formula to compute the number of elementary excitations for any given state was also proposed.
We explained how the description in terms of gaudinos agrees with the Bogoliubov picture in the thermodynamic limit to leading order in N. In the case of broken pairs, which was not presented here, the mechanism is identical. It is of interest to study how the phase of the superconducting order parameter emerges from this fixed number of particles formulation. It will be intimately related to the possibility of choosing a shifted Fermi level in the large N limit ͑which looses the correlation of the excitation͒, allowing the introduction of ground states with different number of pairs.
Although we used as an example a system of equally spaced levels, the results are more general, and apply to any distribution of levels. This assertion is based on numerical calculations considering broken Cooper pairs. In this case blocked levels are removed, and we are left with a nonequally spaced spectrum, obtaining again the same general results. In the case of nonconstant pairing we also expect the qualitative picture presented here to hold.
